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this paper 4@mbe evaluatesgeneralizations

of multi—dimensicnal integrals due to Ingham and Siegel, and

» gives}a number cof applications of these results.
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81. Introduction

At the recent Research Conference on the Theory of Numbers,
held at Pasadena, California, we had cccasion to discuss some
integrals of Ingham and Siegel cocncerning matrix functicns,
see (1]. At the conclusion of the talk, it was pointed out
by A. Selberg that various generalizations of Siegel's formula
existed. In this paper we shall obtain generalizations of both
the Ingham and the Siegel identities, following the method
given by Ingham in [SJ.

These formulae will then be applied in two directions.

We shall first obtain a generalization of the matrix analogue

of Siegel of the scalar Lipschitz identity

(1) ?‘.O ns-le_'“i'(a) g) (x+2w1k)™® ,Re(8)>1,Re(x)>0.
n=1 K=—00

This formula 1s equivalent to the functicnal equation for the

Riemann zeta function. We surmise that analogous functional

equaticns hold for the generalized zeta-functions we shall

define below.

Following tnis, we shall turn to the problem of evaluating

expregsions of the form

K

- d . 3
dX X 12 XmR

. : 7

(2) . lxia' ’
v

a a 3

dxﬁl de2 deR



where |x13|-dot (xij)' 1,)=1,2,...,N>R and Xy y=X Expresgions
of this type arise in the theory of symmetric functions, in
tne theory of matric modular functions in the work of H. Maass

and in -he discussion of stochastic determinants, cf [?].

2. The Integrals of Ingham and Siegel

The classical integral cf Euler reads
G)—x s—1
(1) S e x> axa M (8)y™™, Re(s)>0, Re(y)>0.
0

A generalization of this integral, due to Siegel, [7 ], 1s

n(n-1)
—trixy) y oo Angl) oy M (s)M(s-1/2)...M(s- 252 )
x50 Y |®

(2)

Here X is a symmetric matrix x-(xiJ)and Y 18 positive definite.

The symbol |X| represents the determinant of X, dVerw dxij' and
1<J

the integration i1s over the region where X is positive definie.
The real part of s is taken to be positive and sufficiently
large. Prom the right—hand side we see that Re(s)> 251 , where

n is the dimension of X, 1s sufficient.

An evaluation of related c.asses of integrals is given
by Bochner, [4,. Analogues of the Beta integral also exist,
cf. Slegel, [C, p.42. These integrals arise in connection
with Siegel's theory of matric modular functions.
Independently, in connection with scme problems {in multi-

variate analysis of Wishart and Bartlett, Ingham demonstrated
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the equality

p(p+1)/2 tr(CS) —&
(3) e ) vzl BT S| " v das
2r S Sl gy P
kel/2p-1/2
- c[*=1/2p-1/ , 1f C

2(351)
(2v¥) r(k) r(k-1/2)...r(k-1/2p+1/2)
is positive definite

= 0 otherwise.

Thie is an extension of the familiar formula

a+i ® ck—l
(&) 1 c8_—K -
§7T°/;_1 . e "s "ds "0 , ¢ >o

= O, otherwise,

where a>o, k>l.

In (3) the integration with respect tc 8,4 18 along the

line a ,+it , where —®< t , < ®and A-(ak‘) 18 taken to be

ki ki
positive definite. The parameter k is taken initially to be
sufficiently large so that the integral converges absolutely.
It is sufficient to establish one or the other of these
integrals, since an applicaticn of the Laplace inversion for-—

mula derives either from the otner. We shall restrict ourselves,
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therefore, to deriving a generalization of Ingham's formula.

§3. The Generalized Ingham Formula

Let S be a symmetric matrix of order p, and write
(1) sk'('u)' 1<1,)< k.

We shall use the notation |sk| to denote the ceterminant of

Sk. The result we wish to establish ies
(2) ( 1 )D(D+l)/2J‘ fgtr(CS)is '—kp‘s ‘—kp-l I8 ‘-kl'd'
ont P p-1 et
—p(p-1) P iel)
2 (1) ¢4 v 2 (2) =k -k
. (2w) e =1 c | 1...|c(9)1 p—1
P ‘E’ll
r(kp)r(kp*kp_l—l/z)...r(z k=" 5 )

i=]
if C 18 positive definite,

= 0, otherwise.
Here the integration is taken cver the same type of region

as befure. The parameters k"k"""kp—l are to be chosen

80 that all the expressions kp.kp+k

P
-l * e z k _— " 1 2
p—1 /2, '1_1 i g /2 are

positive. For this it is sufficient tnat kp be sufficiently

large, 1f thre ki are arbitrary.
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(k)
The matrices C , K=1,2,...p are defined as follows
(3) cl®) o (o0 ), 1,90k, ..000.
§4. Proof

The method we employ is precisely that used by Ingham

[5], in the case where k.-...-kp_lco, ané¢ depends upon

an induction over p, starting with the kncwn case p=l.

Denote the variables °1p"2p"" by Vi,Va, ...,

*8p-1,p"®pp

v and u respectively and the parameters °1p'°

p-1 2p’ """ *°p-1,p’

cpp by Cg.C.,---,cp_l, f P..p.Ct1V01y,

w may write

81 %) o R | 1
) ¥ » + ‘
8p-1,1 *°*° ®p-1,p-1 Yp-1
vl vp—l 0

= ISy _y1 u=85_1(v,v),
where Sé_l(v,v) is the quadratic form obtained using the

adjoint matrix to 8;_1. This ylelds

(2) S0 = 18, )1 (v =82 (v,v)),
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wr.ere S;il (v,v) 18 the quadratic form obtained using the

inverse matrix tc S :
p—1

The integrand in (3.2) may be written

p-1
P> c,V
kK k —k
(3, et’ (Csp—l) e I e TV jus! (v,v) P
p—1
s -(kn’kn—l),S X2 S 55
Ip__ll Ip_2| Il‘

We may integrate with respect to u-app, keeping the other

_1
variables fixed. Let u—sp:l(v,v)-w. Tr.en, with € > 0,

Cvix
1 ' -1 - Tk,
() 53T (éj 1 exp 1f-+r8p_l (v,v), w dw
~la
QH.J) e
- exp ;ngil(v,v)] ?%T L/ﬂ o "w A e
-1w

Since >0, (since r-;pp,)tnia ylelds as the remaining integrand

n tr‘(CS ; p—-l
I ‘/'—l p—l - —l -
(©) { e ex;LfSP_l(v,v)+2 f-l Yy 4

- (k _+k —k —«
(Ko e 2 g N
p_ll ;'—? n..l ‘I
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Since f > C and Sp—l (v,v) 18 pcsitive definite for

real v we may lntegrate with respect to the variables v,,

kl
Va, ,vp_l. Applying the well—kncwn result
p—1
@ ® —(u,Bu)+ 212 . Yy
(6) ./ AN kel v du,
—Q0 - i
p/2 -1/2 (c,Bc),
L § |B| e

for B positive definite, we obtaln as a result of integrating

with respect to the p—1 variables s kel ,2,...,p-1l, the new

kp'
integrand
K —1/2p—l/2 p—1i
(7) r " exp (L b, 8,)
K, =]
—-(k ¢k +1/2 —K —K
t p-l | "“?| 1i ]

wiere
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Ck C‘
(3) byg = iy -—Ic’-—ﬂ . k,bel,2,...,p-1.
PP

Thne remainder of the procf 1s inductive, with the last
step being tue evaluaticn of the determinants 5B(k)i formed

f roa D-(bu). in terms of the caterminants H:“‘)l as defined in (3.9).

. Some Determinants

In order tcC see how tc obtain the general result, coneider

the 3x3 determinant

( ) 3 Ci Cis Ciys
1 -
2 Ca Cas Css
Ce: Css Cos ’
wit: CiJ - Cji'

Multi{ply tne 3rd row by c,g/Cgg &nd subtract from the first

row; multiply the 3rd row by cgg/Cggs &nd subtract from the

sec nd row. Tre result i»s
Cis’ss CisCas
Cy1=- ——— Cia - 0
Cos Css
Dy Dig
CasC1i9 CasCas
° Deg = - ¢
(¢) ] Sy = Cap - o) L 2
Cas Ces ba:s bpa
Cs1 Csa Css

- CSSIB(l)i
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Proceeding in trhe same way in the general case we see that

(3) IB(k); - |C(k)|/cpp.

With tnis result established, tne inductive prccf of the

fcrmula in (3.2) proceeds easily, starting with the case p=l.

%6. An Extensicn (f the Lipscnitz-Siegel Identity

Combining tne evaluation of the integral in (2.2) with tne
Poisson summatiun fcrmulu, Siegel established the following

{dentity

—tr(Xy) -°

(1) LoX e =@ Yeomik;
x>0 K

for tne real part of Y pusitive definite. Here X 18 an nxn
pusitive defirite matrix, X, 1s the determinant .f X, and the
summati.n on the left 1s over all pceeitive definite inteyer
matrices. On the left tre summati . n is "ver all symmetric
semi-integers, that 1s matrices ~h se main dlag.nals are
integral and whose elements !t tne main dlagonal are halves
of integers. The constant ® 18 given by

n{n-1)
(2) CR T@P)r{e=1/2)...7(? -
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=10—
The parmetorQ is taken to be sufficiently large.
The generalization of Siegel's integral obtained from
(3.2) s
P ‘2+1)
. k= 25 —tr(xy)
X | e 1<) 411J
(3) Up k K
(p) k
o @ xG) [T T
p(p=1)
= 2
(Ve ) k) I (ki _1-1/2)..T( 1: k -g + 1/2)
k k k
LRES AR i
where
(“) Ix(k)l - xij" 1,J)=k,...,p,

‘Yk' - 'yij" 1’J-ll'°'lk‘

The restriction in the ki is that each of the expressions

R
kp+kp_1’...+ka— 5 be positive.

Applying the Polisson summation formula we obtain the

following generalization of (1).
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P
1
z “1““25‘)' —tr(Xy)

ix(1)| i=] .

(5) z

K (p) k
'x(a)l"l‘x(”. 2 x 7 el

— ) -,
- Q:: |(Ye2r1K) o | j(Ye2miK ) | oo [ (Y+2WIK), |

where the sum is cver all symmetric half-integers. and Q is
the constant occurring in (3). The series will converge for kp

sufficiently large compared to the other ki'

§7. Generalized Zeta-Functions

The zeta—function

(1) (s) i
1 ¥nils) = z |\X ,
n
{x}
where the summation is over a reduced set of positive definite
integer matrices has been ccnsidered by Maass, [6], and a
functional equation derived for the case of (2x2)-matrices,

cf also, [3].

Since the existence of a Lipschitz identity is equivalent
to a functional equation for the zeta-function, we surmise

that a corresponding functional equation holds for the generalized
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zeta-function

—e -8 -1 -8

(2) Sn(x..a......-n)-{f} D SR SRV

Thies we shall discuss in a subsequent paper.

§o. Generslized Eisenstein Series

Just as matric modular functions are usually formed by

mears of Eisenstein series of the fom

—8

(1) rn(x,s) - I | KX+L | ’

{x,1f

where the summatiocn is over a suitably reduced set of K and L,

8C we can form generalizatiocns of these series having the form

(2) rn(x:.llaln""'n).zi

’

We shall discuss these series in more detail subsequently.

§9. Derivatives of Determinants

Let us now consider the problem of determining the result

of applying the operator

_a - -\I - . " a

sCyy 9Ci12 ac
(1) Og = : =

L‘ Ah L

acxl °°x2 ac‘K

-8
Lii(Uﬂ)nl_hl(n*L)n_ll L (KxeL)y [
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(1) a, (2) a2 (p) a
to a power product of the form |C [** e | - | B,
The key to the results we shall obtain is the observation

that

(2) Og © - (S| e

Consequently, applying Oy to both sides of (3.2), we obtain

an immediate evaluation of 0‘ applied to a product of the form

¥ +1
z k- (2,-) =
IC(1)11'1 ! .c(2)| kllc(a)l-kz...|c(p)..kp’1. Since

k;.k.,...,kp_l may be arbitrary, positive or negative, provided

that kp is large enougn, we obtain the result for arbitrary

ag,ag,...,a,  above, provided that a; 1s large enough. The

k
result obtained in this case extends by analytic continuation
to all other values.

In particular, we note that

R (1) N (1) R (K+1) R

(3) 0‘ iC | =dgy i€ I C I

uherockn N may be determined explicitly as a quotient

of gamma functions.
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